This paper extends the two-level Variational MultiScale (VMS) method for Large-Eddy Simulation, introduced by Hughes et al. [Comput. Visual. Sci., 3:47-59 (2000)], to a threelevel approach that clarifies the role of unresolved scales of motion on the resolved scales.
I. INTRODUCTION

A. Motivation
The Variational MultiScale (VMS) method for Large-Eddy Simulation (LES) was recently described by Hughes, Mazzei, and Jansen, 1 hereafter referred to as HMJ, as a method that utilizes a priori scale separation in lieu of spatial filtering as is commonly done in LES. This interesting and promising method provides a different perspective on turbulence modeling that potentially offers important advantages over existing filter based methods:
1. the VMS framework provides a more solid mathematical foundation for turbulence modeling;
2. the VMS method can be readily extended to complex geometries -there are no commutativity or homogeneity issues like those that arise when using spatial filters (see e.g., Refs. 1, 2);
3. a constant coefficient Smagorinsky type model acting only on small scales has been shown effective, even for wall bounded flows; However, in their formulation, HMJ indicate several additional advantages of the VMS method that are at odds with traditional wisdom in turbulence modeling. They claim that there is "no closure problem" in the VMS formulation and that "no modeling" is required in the large-scale equation -i.e., the large-scale equation is exact. We believe that the genesis of these claims comes from the fact that HMJ do not explicitly account for the unresolved scales of motion that must always be truncated in a discrete numerical simulation. In this paper, we extend the two-level multi-scale method introduced by HMJ to a three-level method that explicitly accounts for the missing or unresolved scales of motion. Including the unresolved scales clarifies the assumptions required in obtaining the modeled equations presented in HMJ. In particular, we show that closure is required at all resolved scales and that the large-scale equation must also be modeled.
We emphasize that the final modeled equations derived using the three-level approach presented here are identical to those given by HMJ. However, the model assumptions that are made in deriving these equations differ from those of HMJ and, we believe, offer additional insight into this promising method. As such, this paper complements the work of HMJ by clarifying the role of turbulence modeling within the variational multiscale method.
B. Review of the VMS-LES method
This section provides a brief review of the VMS method as presented by HMJ and the Once the large scales are fixed, the small scales are, effectively, everything else. Thus, the small scales are infinite-dimensional and can be spanned with any convenient basis. The particular bases used to represent the large and small scales, as well as the partition between large and small are parameters of the method that must be selected.
Both the partitioning and choice of bases affect the model performance and we have more to say about this in Sec. IV.
HMJ introduce this two-scale decomposition into a variational form of the Navier-Stokes equations and derive the exact equations for each range of scales: large and small. They then make the approximation that, in practical discrete simulations, the small scales must be represented with a truncated approximation -i.e., some scales of motion will be unresolved.
Unfortunately, the effect of the unresolved scales of motion on the resolved scales is not explicitly accounted for the HMJ formulation. At this point, HMJ argue that "there is no closure problem" in the VMS formulation. Instead, they claim that modeling is only required to account for the viscous dissipation of missing small scales and "no modeling" is required
for the large-scale equations. Thus, HMJ introduce a Smagorinsky type model in the smallscale equations to account for the dissipation of "missing small scales." It is important to emphasize that, as formulated by HMJ, the Smagorinsky term does not replace any unclosed term but instead is intended to enhance dissipation on the small scales. As such, the addition of this term is ad hoc and unsatisfactory from a turbulence modeling perspective.
To rectify this, we use a three-level partitioning within the VMS formulation, that explicitly accounts for the influence of unresolved scales of motion on resolved scales. Doing so, clearly shows that the VMS formulation does require closure to account for the unresolved turbulent stresses in both the large and small scales in contrast to the conclusions of HMJ.
Furthermore, we show that by introducing reasonable modeling assumptions, both the largeand small-scale equations can be closed in such a way that we arrive at the same modeled equations as HMJ. This is an important outcome, since subsequent work by Hughes and co-workers has shown the method to be successful in predicting both homogeneous isotropic turbulence 8 as well as planar turbulent channel flows 3 -both with constant Smagorinsky coefficients. By clarifying the role of modeling within the VMS framework, the current work also offers clearer insight into modeling issues as well as directions for future model improvements.
In Sec. II, we review the variational formulation of the Navier-Stokes equations which is the corner-stone of the VMS method. Then, in Sec. III two-and three-level partitions are introduced and exact equations of motion are derived for each scale. In Sec. IV, the equations for the resolved scales are closed and the modeling assumptions are clearly defined. Section V provides a discussion of the current model with comparisons to the dynamic LES approach along with future directions for multi-scale modeling in turbulent flows. Finally, Sec. VI concludes the paper with a summary of our findings.
II. VARIATIONAL FORMULATION
The VMS method begins with the definition of an appropriate variational form of the Navier-Stokes equations. To construct this variational form, we start with the more familiar strong (or partial differential equation) form of the incompressible Navier-Stokes equations
where u is the velocity vector, p is the pressure divided by density, ν is the kinematic viscosity (or, if nondimensional, an inverse Reynolds number), f is a body force, ψ is a volumetric mass source, and ⊗ denotes the tensor product (u ⊗ v) ij = u i v j . Equation (1) is solved subject to appropriate boundary conditions, which, for now, will remain unspecified. The function space W is the same as V except on the boundaries where the components of W are zero anywhere that a Dirichlet boundary condition is applied on U . For example, at a no-slip wall the first three components of U are specified therefore the first three components of W are zero on this part of the boundary. Boundary conditions of this type are referred to as essential or "hard" constraints since they are built directly into the function space of 5 the solution.
The variational form of the equations is obtained by taking the inner product of test functions W with equation (1) and integrating over the space-time domain, Q, where the inner-product of two vector valued functions is given by
Doing so, leads to a weak or variational form of the Navier-Stokes equations
where B(W , U ) is defined as
∇ s u is the symmetric part of the velocity gradient tensor [i.e., , (∇ s u) ij = (u i,j +u j,i )/2], and n is the unit outward pointing normal vector on the boundary Γ. Note that differentiation by parts has been applied to the convective, pressure gradient, and diffusive terms which has the advantage of explicitly isolating the convective, pressure, and diffusive fluxes on the spatial boundary. Again, the weak or variational form of the Navier-Stokes equations (3) is solved subject to appropriate boundary conditions. Here we refrain from assuming particular boundary conditions since they do not directly affect the modeling process. We note that different variational forms can be constructed. For example, one could introduce a discontinuous Galerkin discretization in time or a semi-discrete time discretization both of which are considered by HMJ. However, the essential aspects of the method are not influenced by time discretization so that and (3) provides a simpler starting point.
It is useful in what follows to also define the variational operator linearized about the field U as
where U are linear perturbations and B (W , U , U ) is linear with respect to the first and third arguments and affine in the second argument.
III. MULTI-SCALE METHODS
Multi-Scale methods begin with an a priori separation of scales. In the LES approach of HMJ the flow variables U = {u, p} T ∈ V are partitioned into large and small scales.
Conceptually, this is fine as long as the function space is continuous. However, if one wants to perform discrete numerical simulations, then in a two-scale partition you would have only the discrete, resolved scales U and unresolved scales U . Note that we always use a hat to denote unresolved scales -i.e., scales of motion that are not directly accounted for in discrete approximations to the solution.
A. Two-level Partition
Thus, if we begin with a two scale decomposition as used by HMJ, then the solution space is partitioned as
and
We emphasize that the solution U can be thought of as the exact solution to the NavierStokes equations. However, we must acknowledge, that in a simulation, only a fraction of the complete range of scales can be retained. These scales are referred to as the resolved scales of motion, U , which in this case coincide with the large scales, and we explicitly monitor the influence of the unresolved scales on the resolved scales.
The exact equations of motion for each scale are simply
In analyzing these equations, it is helpful to define the Reynolds and Cross stress projection operators. The Reynolds stress projection is defined as
which, in this example, represents the projection of the unresolved Reynolds stress onto the large scales. Similarly, the cross stress projection operator is
which represents the large/unresolved cross-stress projected onto the large scales.
With this notation, the exact large-scale equation can be written as
and the exact equation for the unresolved scales becomes
Since the unresolved scales are not available in a numerical simulation, all terms appearing in the large-scale equation (11) 
where the effect of the unresolved scales on the large scales is clearly seen from the RHS of (13) which contains the unresolved Reynolds stress projected onto the large scales as well as the large/unresolved cross stresses projected onto the large scales. The large scale equation
is not closed and the terms involving the unresolved scales must be modeled. The variational multiscale formulation does not remove the closure problem. Instead, the variational framework is nothing more than a different way to isolate the effects of unresolved or unrepresented scales. Instead of using filtering, variational projection is used instead.
We now proceed to make some observations based on this two-level partitioning. If a standard Galerkin method is used to approximate the large-scale equation, then
where we have introduced the standard notation for a discrete approximation, a superscript h, to denote that the solution to this equation is no longer exact, but is instead an approximation. Equation (14) implies the "model"
Under these conditions, the primary model assumption is that the Reynolds and cross stresses associated with the unresolved scales when projected onto the resolved scales are negligible.
Note that this can be thought of as a turbulence model, albeit a rather poor model unless the space of unresolved scales is sufficiently small. These methods are commonly referred to as Direct Numerical Simulations (DNS) which aspire to be exact solutions to the Navier-Stokes equations. However, few if any, DNS actually resolve the smallest scales of turbulent motion.
Often the smallest resolved scale in a DNS is four times the size of the Kolmogorov scale.
Instead, typical DNS rely on the model (15) It is important to note that within the variational framework, one models the projection of the unresolved stresses onto the large scales. As such, difficulties associated with spatial filtering such as the commutativity of spatial differentiation and filtering, the design of filters for nonuniform meshes, and the use of one-sided filters near boundaries [see e.g., Refs. 1, 2] are removed by the use of variational projection. Likewise, in the VMS framework, modeling is done weakly. Thus, in a VMS-LES method we do not model the Reynolds stress of the unresolved scales directly. Instead it is the projection of the unresolved Reynolds stress that is modeled. This has a clear advantage in that we only model the part of the unresolved motion that affects the resolved scales. As a simple example, consider the pure Galerkin approach used on the large scales. Here the model is that the projection of the unresolved Reynolds and Cross stresses onto the large scales is zero. This does not force the unresolved turbulent stresses to be zero. Only their projection onto the resolved scales is zero. Similar arguments can be made for nontrivial closures as well.
By explicitly accounting for the unresolved scales of motion, we see that a two-level multi-scale method leads to methods analogous to classical LES and Reynolds averaged approaches where the turbulence model acts on all the resolved scales. A three-level scale partition is required in order to generalize this approach to construct a method similar to HMJ, while explicitly accounting for unresolved scales.
B. Three-level Partition
We now extend the VMS method by using a three-level partition, as shown in Fig. 1 .
The large scales are U , the small scales U, and the unresolved scales U , so that the solution space is partitioned as
We reiterate that the solution U should be thought of as the exact solution to the NavierStokes equations. Acknowledging that only a fraction of the complete range of scales can be retained in a model, we identify the resolved scales of motion as U + U and explicitly track the influence of the unresolved scales on the resolved scales. The reason for splitting the resolved scales into large and small components is so that different model approximations can be made at each scale range and this will become clear in Sec. IV.
The exact equations of motion for each scale are given by
Again making use of the Reynolds and Cross stress projection operators, the exact large-scale equation can be written as
the exact small-scale equation is
and the exact equation for the unresolved scales is Since we are eventually interested in truncated or discrete approximations, the combined large and small scales are identified as the resolved scales and are denoted as U = U + U so that the combined resolved scale equations can be written compactly as
where it is emphasized that U is the projection of the exact solution onto the resolved scales of motion.
If the bases used to span V are orthogonal, then the formulation simplifies considerably and the role of particular terms in the large and small scale equations is elucidated. Under these conditions, the large-scale equation becomes
The effect of the unresolved scales on the large scales is clearly seen from the RHS of (21) which contains the unresolved Reynolds stress projected onto the large scales, as well as the large/unresolved and small/unresolved cross stresses projected onto the large scales. The small-scale equation simplifies to
which again contains the unresolved Reynolds and cross stresses. Combining the large and small scale equations yields
which clearly indicates the need to model the unresolved Reynolds and cross stress terms.
We note that (23) is identical in form to (13) . The main advantage of the three-level partition over a two-level method is that is allows for different model assumptions to be made for each scale range.
IV. TURBULENCE MODELING
We now return to the general, nonorthogonal case and consider modeling of the large With these assumptions, the modeled large and small equations become
A superscript h is again used as a reminder that the solution to these equations, subject to appropriate boundary conditions, is an approximation that contains modeling errors. (24) is exact. This is the consistency feature described by HMJ which is an important advantage over classical methods.
The model applied to the large-scale equation is nothing more than the standard approach used in a Galerkin method -the projection of the residual of the unresolved scales onto the large scales is zero. Considering the simplified case where the bases are orthogonal, this amounts to weak enforcement of zero unresolved Reynolds/cross stresses on the large scales.
Note that this clearly indicates the role particular discretizations have in altering the model and therefore the results. Using different basis functions to represent the large scales will influence the model.
In the small-scale equation, it is the projection of the unresolved Reynolds and cross stresses onto the small scales that is modeled with a Smagorinsky like term which is a weak implementation of a subgrid-scale model. Again, different small-scale discretizations clearly alter the model. This is a clear advantage of the VMS framework. Although the model is specified without regard to the specific discretization, the influence of discretization is obvious in the modeled equations. This fact has not been completely appreciated in the traditional turbulence modeling community until recently when it was realized that differences between the discretization with the "same model" may be as large or larger than differences in "models" using the same discretization. In the VMS framework, the influence of different discretizations is evident and the choice of discretization clearly plays an important role in the success of particular models. An important area for future research is to explore different bases for use in defining large and small scales.
Combining the modeled large and small scale equations (24) leads to
where U h is the discrete approximation to the exact resolved scales U and it is clear that the influence of the unresolved scales of motion are modeled using an analogue of the Smagorinsky approach applied only to the small scales. For the purposes of illustration, following HMJ, the small scale eddy viscosity, ν T , is assumed of the form
where C S is the Smagorinsky coefficient and ∆ is a representative length scale for the small scales. HMJ also consider an eddy viscosity determined by the large scales and the reader is referred to Ref. 1 for more details.
Using the three-level approach outlined here leads to a final modeled equation (25) An advantage of the hybrid approach is that grid refinement leads to convergence to the exact solution in the limit when all scales are large. Of course, when refining the discrete representation in this type of method, one may also wish to adjust the partition between large and small scales. If the resolved scales are sufficient to represent the exact solution, it is inefficient to have any small scales and all resolved scales should be treated as "large" scales.
The choice of partition between large and small scales for a fixed resolution is a parameter of the method and further study is required to provide guidelines for its selection.
The hybrid DNS/LES VMS method has similarities to LES with the dynamic subgridscale model originally introduced by Germano et al. 4 The dynamic model uses two levels of filtering: grid and test filters. The grid filter isolates the resolved scales and the test filter isolates the large scales. The small scales are just the resolved scales with the large scales removed. Using a scale similarity argument, the dynamic model tunes the Smagorinsky coefficient, C s , based on the small scales (i.e., the test window). With this coefficient, the Smagorinsky model is applied to all resolved scales. In contrast, the hybrid VMS method uses a fixed value of C s with a Smagorinsky term that is applied only to the small scales.
It is interesting to consider the behavior of both the dynamic model and the VMS ap- With three scale ranges, large and small scales can be modeled independently yielding a method that is a hybrid between DNS and LES. If instead, we consider a four-level decomposition (see Fig. 2 ) then this can easily be extended to a method that is a three-way hybrid between DNS, LES, and an unsteady RANS type closure. On each resolved scale -large, medium, small -the effect of the unresolved scales must be modeled. The large scales could be modeled by neglecting the unresolved scales. In the medium range scales, the unresolved stresses can be modeled using a RANS type closure, perhaps one that is designed for unsteady applications. 12 Finally, the unresolved terms in the small-scale equation
can again be modeled with a Smagorinsky type closure. By varying the partitions between scales, the model can be smoothly transitioned from DNS to LES to RANS. We intend to pursue this approach in future work. intensive applications such as optimal control of turbulence, 15 an application we intend to explore in the future.
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